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A remark on the MH(G)-conjecture and Akashi series
Meng Fai Lim∗
Abstract
In this article, we give a criterion for the dual Selmer group of an elliptic curve which has either good ordinary
reduction or multiplicative reduction at every prime above p to satisfy the MH(G)-conjecture. As a by-product
of our calculations, we are able to define the Akashi series of the dual Selmer groups assuming the conjectures
of Mazur and Schneider. Previously, the Akashi series are defined under the stronger assumption that the
dual Selmer group satisfies the MH (G)-conjecture. We then establish a criterion for the vanishing of the dual
Selmer groups using the Akashi series. We will apply this criterion to prove some results on the characteristic
elements of the dual Selmer groups. Our methods in this paper are inspired by the work of Coates-Schneider-
Sujatha and can be extended to the Greenberg Selmer groups attached to other ordinary representations, for
instance, those coming from an p-ordinary modular form.
Keywords and Phrases: Selmer groups, MH(G)-conjecture, admissible p-adic Lie extensions, Akashi series,
characteristic element.
Mathematics Subject Classification 2010: 11R23, 11R34, 11G05, 11F80.
1 Introduction
Throughout the paper, p will always denote an odd prime. Let G be a compact p-adic Lie group with a
closed normal subgroup H such that G/H ∼= Zp. We denote MH(G) to be the category of a special class
of ZpJGK-torsion modules, namely those finitely generated left ZpJGK-modules M such that M/M(p) is
finitely generated over ZpJHK; here M(p) is the ZpJGK-submodule of M consisting of elements of M
which are annihilated by some power of p. In this paper, we give a criterion for the dual Selmer group
of an elliptic curve to be in MH(G). Such a criterion is already known in certain cases when G is the
Galois group of a p-adic Lie extension of dimension 2 and when G is the Galois group of the p-adic Lie
extension obtained by adjoining all the p-division points of the elliptic curve. The criterion we obtain
here can therefore be viewed as a generalization of those. We remark that the knowledge of such dual
Selmer groups lying in MH(G) is crucial in the formulation of the main conjectures of non-commutative
Iwasawa theory, as one requires this property in order to be able to define suitable characteristic elements
for these modules in certain relative K0-groups (see [CFKSV]).
It will follow from our calculations that the Selmer group has better properties than a general module
in MH(G) under certain assumptions (see Proposition 5.1). This in turn allows us to define the “Akashi
series” of the dual Selmer group. Previously, these are defined under the assumption that the dual Selmer
group lies in MH(G) (see [CFKSV, Section 3] and [Z2, Section 2]). We then establish a criterion for the
vanishing of the dual Selmer group of an elliptic curve with good ordinary reduction at all primes above
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p under certain mild assumptions (see Theorems 5.3 and 5.11). This is then applied to establish one of
the cases of [CFKSV, Conjecture 4.8] for this dual Selmer group (see Propositions 6.2 and 6.3).
Our methods in this paper follow the approach in [CSS, Section 2] with supplementary ideas and
techniques from [Ho]. In the final section of the paper, we will mention briefly how these techniques can
be extended to consider Greenberg’s Selmer groups of more general ordinary representations.
2 Algebraic Preliminaries
In this section, we recall some algebraic preliminaries that will be required in the later part of the paper.
The materials presented here base mainly on [Ho]. Let G be a compact pro-p p-adic Lie group without p-
torsion. It is well known that ZpJGK is an Auslander regular ring (cf. [V1, Theorems 3.26]). Furthermore,
the ring ZpJGK has no zero divisors (cf. [Neu]), and therefore, admits a skew field K(G) which is flat
over ZpJGK (see [GW, Chapters 6 and 10] or [Lam, Chapter 4, §9 and §10]). If M is a finitely generated
ZpJGK-module, we define the ZpJGK-rank of M to be
rankZpJGKM = dimK(G)K(G)⊗ZpJGK M.
We say that the module M is a torsion ZpJGK-module if rankZpJGKM = 0. Now suppose that N is a
FpJGK-module. We then define its FpJGK-rank by
rankFpJGKN =
rankFpJG0KN
|G : G0|
,
where G0 is an open normal uniform pro-p subgroup of G. This is integral and independent of the
choice of G0 (see [Ho, Proposition 1.6]). Similarly, we will say that that N is a torsion FpJGK-module if
rankFpJGK N = 0.
For a general compact p-adic Lie group G and a finitely generated ZpJGK-module M , we say that
M is a torsion ZpJGK-module if there exists an open normal uniform pro-p subgroup G0 of G such that
M is a torsion ZpJG0K-module in the above sense. We will also make use of a well-known equivalent
definition for M to be torsion ZpJGK-module, namely: HomZpJGK(M,ZpJGK) = 0. The notion of a
torsion FpJGK-module for a general compact p-adic Lie group G is extended in a similar fashion.
For a given finitely generated ZpJGK-module M , we denote M(p) to be the ZpJGK-submodule of M
consisting of elements ofM which are annihilated by some power of p. Since the ring ZpJGK is Noetherian,
the module M(p) is finitely generated over ZpJGK. Therefore, one can find an integer r ≥ 0 such that p
r
annihilates M(p). Following [Ho, Formula (33)], we define
µG(M) =
∑
i≥0
rankFpJGK
(
piM(p)/pi+1
)
.
(For another alternative, but equivalent, definition, see [V1, Definition 3.32].) By the above discussion,
the sum on the right is a finite one. Also, it is clear from the definition that µG(M) = µG(M(p)).
Finally, it is not difficult to see that this definition coincides with the classical notion of the µ-invariant
for Γ-modules when G = Γ. We now record certain properties of this invariant.
Lemma 2.1. Let G be a compact pro-p p-adic Lie group without p-torsion. Then we have the following
statements.
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(a) For every finitely generated ZpJGK-module M , one has
µG(M) =
∑
i≥0
(−1)iordp
(
Hi(G,M(p))
)
.
(b) Suppose that G has a closed normal subgroup H such that G/H ∼= Zp. If M is a ZpJGK-module
which is finitely generated over ZpJHK, then one has µG(M) = 0.
(c) Suppose that we are given a short exact sequence of finitely generated ZpJGK modules
0 −→M ′ −→M −→M ′′ −→ 0.
(i) One has µG(M) ≤ µG(M
′) + µG(M
′′). Moreover, if M , and hence also M ′ and M ′′, is
ZpJGK-torsion, the inequality is an equality.
(ii) If µG(M
′′) = 0, then one has µG(M
′) = µG(M).
(iii) If M ′ is finitely generated over ZpJHK, then one has µG(M) = µG(M
′′).
(d) Suppose that we are given an exact sequence of finitely generated ZpJGK-modules
A −→ B −→ C −→ D
such that A is finitely generated over ZpJHK and µG(D) = 0. Then one has the equality µG(B) =
µG(C).
Proof. (a), (b) and (c)(i) are proven in [Ho, Corollary 1.7], [Ho, Lemma 2.7] and [Ho, Proposition 1.8]
respectively. The remaining statements can be deduced from the previous statements without too much
difficulties.
We make a note here mentioning that the conclusion of (c)(iii) is false in general if one replaces
the assumption “M ′ is finitely generated over ZpJHK” by “µG(M
′) = 0”. An example will be to take
M ′ =M = ZpJGK and M
′′ = ZpJGK/p, and consider the canonical exact sequence
0 −→ ZpJGK
p
−→ ZpJGK −→ ZpJGK/p −→ 0.
Clearly, we have µG(M
′) = 0 but µG(M) 6= µG(M
′′).
We end the section with the following useful relative formula for the µ-invariant.
Lemma 2.2. Let G be a compact pro-p p-adic Lie group without p-torsion and let N be a closed normal
subgroup of G such that G/N has no p-torsion. Then for every finitely generated torsion ZpJGK-module
M , we have
µG(M) =
∑
i≥0
(−1)iµG/N
(
Hi(N,M(p))
)
.
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Proof.
µG(M) =
∑
i≥0
(−1)iordp
(
Hi(G,M(p))
)
=
∑
i,j≥0
(−1)i+jordp
(
Hi
(
G/N,Hj(N,M(p))
))
=
∑
j≥0
(−1)j
∑
i≥0
(−1)iordp
(
Hi
(
G/N,Hj(N,M(p))
))
=
∑
j≥0
(−1)jµG/N
(
Hj(N,M(p))
)
,
where the first and fourth equality follow from Lemma 2.1(a) (and noting that Hj(N,M(p)) is p-torsion),
the third is obvious and the second is a consequence of the following bounded spectral sequence
Hi(G/N,Hj(N,M(p))) =⇒ Hi+j(G,M(p)).
3 Selmer groups
In this section, we recall the definition of the (p-primary) Selmer group of an elliptic curve. As before, p
denote an odd prime. Let F be a number field, and let E be an elliptic curve defined over F . Let v be a
prime of F . For every finite extension L of F , we define
Jv(E/L) =
⊕
w|v
H1(Lw, E)(p),
where w runs over the (finite) set of primes of L above v. If L is an infinite extension of F , we define
Jv(E/L) = lim−→
L
Jv(E/L),
where the direct limit is taken over all finite extensions L of F contained in L. For any algebraic (possibly
infinite) extension L of F , the Selmer group of E over L is defined to be
S(E/L) = ker
(
H1(L, Ep∞) −→
⊕
v
Jv(E/L)
)
,
where v runs through all the primes of F .
We say that F∞ is an admissible p-adic Lie extension of F if (i) Gal(F∞/F ) is a compact p-adic Lie
group, (ii) F∞ contains the cyclotomic Zp-extension F
cyc of F and (iii) F∞ is unramified outside a finite
set of primes of F . Write G = Gal(F∞/F ), H = Gal(F∞/F
cyc) and Γ = Gal(F cyc/F ). Let S be a finite
set of primes of F which contains the primes above p, the infinite primes, the primes at which E has bad
reduction and the primes that are ramified in F∞/F . Denote FS to be the maximal algebraic extension
of F unramified outside S. For each algebraic (possibly infinite) extension L of F contained in FS , we
write GS(L) = Gal(FS/L). The following alternative equivalent description of the Selmer group of E
S(E/L) = ker
(
H1(GS(L), Ep∞)
λS(F∞)
−→
⊕
v∈S
Jv(E/L)
)
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is well-known. We will denote X(E/L) to be the Pontryagin dual of S(E/L).
From now on, we will assume that for every prime v of F above p, our elliptic curve E
has either good ordinary reduction or multiplicative reduction at v. The following conjecture
is well-known.
Conjecture. X(E/F cyc) is a torsion ZpJΓK-module.
The conjecture was first stated in [Maz] for elliptic curves that have good ordinary reduction at all
primes of F above p. The general form we have here was stated in [Sch] (see also [HO, OcV2]). At
present, the best result in support of the conjecture is due to Kato [K], who has proven it when F is
abelian over Q and E is an elliptic curve defined over Q with good ordinary reduction at p.
One has a natural generalization of the above conjecture to admissible p-adic extensions, namely that
X(E/F∞) should be ZpJGK-torsion for every admissible p-adic Lie extension F∞/F . In this direction,
this has been studied in [HV] when G has dimension 2, and later in [HO] when G is a solvable uniform
pro-p group. However, such a generalization of the conjecture does not allow one to define a suitable
characteristic element which is required in the formulation of the main conjectures of non-commutative
Iwasawa theory. To overcome this difficulty, the following stronger conjecture, when G has dimension
> 1, was introduced in [CFKSV] for elliptic curve having good ordinary reduction at all primes above p.
In the case when the elliptic curve has multiplicative reduction, this was introduced in [Lee] and was an
important condition required in order to apply Iwasawa-theoretical methods to the study of root numbers
(see also [CFKS] for a similar study in the case when the elliptic curve has good ordinary reduction at
all primes above p).
MH(G)-Conjecture. For every admissible p-adic Lie extension F∞ of F , X(E/F∞)/X(E/F∞)(p) is a
finitely generated ZpJHK-module.
The best evidence in support of the MH(G)-conjecture is in the “µ = 0 situation”, i.e., the MH(G)-
conjecture holds for X(E/F∞) if X(E/F
cyc) is finitely generated over Zp and F∞ is a pro-p extension
of F (see [CFKSV, Proposition 5.6] or [CS3, Theorem 2.1]). In this article, we will investigate the
above conjecture from a general point of view, that is namely the “µ 6= 0 situation”. Our first goal
is to prove the following criterion for the conjecture to hold. From now on, we write Xf(E/F∞) =
X(E/F∞)/X(E/F∞)(p).
Theorem 3.1. Let p be an odd prime. Assume that (i) E has either good ordinary reduction or multi-
plicative reduction at every prime of F above p, (ii) X(E/F cyc) is ZpJΓK-torsion, (iii) G is pro-p without
p-torsion, (iv) H2(GS(F∞), Ep∞) = 0 and (v) λS(F∞) is surjective. Then Xf (E/F∞) is a finitely
generated ZpJHK-module if and only if
µG(X(E/F∞)) = µΓ(X(E/F
cyc))
and Hi(H,Xf (E/F∞)) is finitely generated over Zp for every odd i ≤ dimH − 1.
For the remainder of the section, we will compare our theorem with existing known results, deferring
the proof to Section 4. Before we begin the comparison, we first discuss the relationship between the
torsionness of the dual Selmer group and the conditions: H2(GS(F∞), Ep∞) = 0 and surjectivity of
λS(F∞). We begin with the following proposition.
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Proposition 3.2. Let F∞/F be an admissible p-adic Lie extension. If H
2(GS(F∞), Ep∞) = 0 and
λS(F∞) is surjective, then X(E/F∞) is a torsion ZpJGK-module.
Proof. This follows from a standard rank calculation noting the formulas in [OcV2, Theorem 4.1] and
[HV, Proposition 7.4].
The next proposition is a partial converse to the preceding one. Although we make use of the
proposition mainly under case (i), we feel it important to note down a few other cases. We mention that
the proof of the proposition under case (ii) is a standard well-known argument which we have included
for the reader’s convenience.
Proposition 3.3. Let F∞/F be an admissible p-adic Lie extension. Suppose that at least one of the
following statements holds.
(i) Ep∞ is not rational over F∞.
(ii) For every v ∈ S, the decomposition group of G at v has dimension ≥ 2.
(iii) E has no additive reduction, G is pro-p and has no p-torsion, and the set S consists precisely of
the primes above p, the infinite primes, the primes at which E has bad reduction and the primes
that are ramified in F∞/F .
Then X(E/F∞) is a torsion ZpJGK-module if and only if H
2(GS(F∞), Ep∞) = 0 and λS(F∞) is surjec-
tive.
Proof. By Proposition 3.2, it suffices to show that if X(E/F∞) is a torsion ZpJGK-module, then we have
H2(GS(F∞), Ep∞) = 0 and λS(F∞) is surjective. We first consider the case that Ep∞ is not rational over
F∞. Then by [Z1, Proposition 10], we have that E(F∞)p∞ is finite. The vanishing of H
2(GS(F∞), Ep∞)
and the surjectivity of λS(F∞) then follow from an application of [HV, Theorem 7.2].
Now we will prove the above assertion under the assumption of (ii). Since X(E/F∞) is a torsion
ZpJGK-module by hypothesis, we have that the dual fine Selmer group (see [CS2, Section 3] for definition)
is also a torsion ZpJGK-module. By [CS2, Lemma 3.1], this is equivalent to H
2(GS(F∞), Ep∞) = 0. Now
the Cassels-Poitou-Tate sequence (for example, see [CS1, 1.7]) gives an exact sequence
0 −→ S(E/F∞) −→ H
1(GS(F∞), Ep∞)
λS(F∞)
−→
⊕
v∈S
Jv(F∞) −→
(
Ŝ(E/F∞)
)∨
−→ H2(GS(F∞), Ep∞) −→ 0,
where Ŝ(E/F∞) is defined as the kernel of the map
lim
←−
L
H1(GS(L), TpE) −→ lim←−
L
⊕
w|S
TpH
1(Lw, E).
Since we have already shown that H2(GS(F∞), Ep∞) = 0, it follows from the Cassels-Poitou-Tate exact
sequence that cokerλS(F∞) = Ŝ(E/F∞)
∨. One may now apply the formulas in [OcV2, Theorem 4.1]
and [HV, Proposition 7.4] to conclude that
rankZpJGK H
1(GS(F∞), Ep∞)
∨ = [F : Q] = rankZpJGK
(⊕
v∈S
Jv(F∞)
)∨
.
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Therefore, it follows that X(E/F∞) is a torsion ZpJGK-module if and only if Ŝ(E/F∞) is a torsion
ZpJGK-module. On the other hand, the Poitou-Tate sequence gives an exact sequence
H2(GS(F∞), Ep∞)
∨ −→ lim
←−
L
H1(GS(L), TpE)
ϕ
−→ lim
←−
L
⊕
w|S
H1(Lw, TpE).
Since H2(GS(F∞), Ep∞) = 0, we have that ϕ is injective. In particular, Ŝ(E/F∞) is contained in
lim
←−
L
⊕
w|S
H1(Lw, TpE). Now by virtue of the assumption in (ii), we may apply [OcV2, Proposition 4.5] to
conclude that lim
←−
L
⊕
w|S
H1(Lw, TpE), and hence Ŝ(E/F∞), is ZpJGK-torsionfree. On other hand, we have
shown above that Ŝ(E/F∞) is a torsion ZpJGK-module, and therefore, we must have Ŝ(E/F∞) = 0. This
gives the surjectivity of λS(F∞), as required.
Suppose that we are in the situation of (iii). Now if Ep∞ is not rational over F∞, then we are already
done by (i). Therefore, we may assume that F (Ep∞) ⊆ F∞. It then follows from either [C, Lemma 2.8] or
[CH, Lemma 5.1] that the field F (Ep∞), and hence F∞, has the property that for each v which is either
above p or is a bad reduction prime for E (noting that E has no additive reduction), the dimension of
G at v is ≥ 2. Now let v be a prime of F that is ramified in F∞ and does not divide p. Since v does not
divide p, it is unramified in F cyc/F . Therefore, every prime w of F cyc above v must ramify in F∞/F
cyc.
Since G has no p-torsion by one of the hypotheses in (iii), the inertia group of w in F∞/F
cyc must be
infinite and hence of dimension ≥ 1. Adding this to the decomposition component coming from F cyc/F
(since v does not divide p), it follows that the decomposition group of v in F∞/F has dimension ≥ 2.
Thus, we are now in the situation of (ii), and so we are done.
We now note the following corollary and give some remarks on it.
Corollary 3.4. Let F∞/F be an admissible p-adic Lie extension. If X(E/L
cyc) is a torsion ZpJGal(L
cyc/L)K-
module for every finite extension L of F contained in F∞, then we have that H
2(GS(F∞), Ep∞) = 0 and
that λS(F∞) is surjective. In particular, X(E/F∞) is a torsion ZpJGK-module.
Proof. Since Ep∞ is not rational over L
cyc, it follows from Proposition 3.3 that H2(GS(L
cyc), Ep∞) =
0 and λS(L
cyc) is surjective. Note that H2(GS(F∞), Ep∞) = lim−→
L
H2(GS(L
cyc), Ep∞) and λS(F∞) =
lim
−→
L
λS(L
cyc), where L runs through all finite extensions of F contained in F∞. Therefore, we have that
H2(GS(L
cyc), Ep∞) = 0 and λS(L
cyc) is surjective. The final assertion of the corollary then follows from
an application of Proposition 3.2.
It has been a long asked question (see [CFKSV, CS3]) on whether one can prove theMH(G)-conjecture
under the hypothesis that X(E/Lcyc) is a torsion ZpJGal(L
cyc/L)K-module for every finite extension L
of F contained in F∞. Although we can do no better than Theorem 3.1 and Corollary 3.4 in so far as
showing the MH(G)-conjecture, we are able to show that our dual Selmer group exhibits “MH(G)-like
properties” (see Proposition 5.1). We finally remark that there is a related result of Hachimori-Ochiai
in the direction of Corollary 3.4. Namely, their result [HO, Theorem 2.3] states that if X(E/F cyc) is a
torsion ZpJΓK-module and G is a uniform solvable pro-p group, then X(E/F∞) is a torsion ZpJGK-module.
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We now describe how our Theorem 3.1 compares with existing results.
Let H be pro-p of dimension 1 with no p-torsion. Such a group H is necessarily solvable. Then
by [HO, Theorem 2.3] (see also [HV, Theorem 2.8]), the ZpJΓK-torsionness of X(E/F
cyc) implies the
ZpJGK-torsionness of X(E/F∞). Therefore, if E has either good ordinary reduction or multiplicative
reduction at every prime of F above p, X(E/F cyc) is ZpJΓK-torsion and G is pro-p of dimension ≤ 2 with
no p-torsion, then we have that Xf (E/F∞) is a finitely generated ZpJHK-module if and only if
µG(X(E/F∞)) = µΓ(X(E/F
cyc)).
This recovers [CS3, Corollary 3.2].
We now consider the case that H is of dimension either 2 or 3, and has no p-torsion. Then under
the same hypotheses as Theorem 3.1, Xf (E/F∞) is a finitely generated ZpJHK-module if and only if
H1(H,Xf (E/F∞)) is finite and
µG(X(E/F∞)) = µΓ(X(E/F
cyc)).
In this form, this criterion has been observed in [CFKSV, Lemmas 5.3 and 5.4] when F∞ is the field
generated by all the p-power division points of an elliptic curve without complex multiplication.
We conclude this section with two auxiliary results on the µ-invariant of the Selmer group. The first
gives an inequality under an extra condition of F∞.
Proposition 3.5. Let p be an odd prime. Assume that (i) E has either good ordinary reduction or
multiplicative reduction at every prime of F above p, (ii) that X(E/F cyc) is ZpJΓK-torsion and (iii) that
there is a finite family of closed normal subgroups Hi (0 ≤ i ≤ r) of G such that 1 = H0 ⊆ H1 ⊆ · · · ⊆
Hr = H and Hi/Hi−1 ∼= Zp for 1 ≤ i ≤ r. Then we have that H
2(GS(F∞), Ep∞) = 0 and λS(F∞) is
surjective. Furthermore, we have
µG(X(E/F∞)) ≤ µΓ(X(E/F
cyc)).
Proof. This follows by applying Proposition 4.8 iteratively.
The next result gives a necessary condition for Xf (E/F∞) to be finitely generated over ZpJHK.
Proposition 3.6. Retain the assumptions of Theorem 3.1. Suppose that Xf (E/F∞) is a finitely gener-
ated ZpJHK-module. Then for every finite extension L of F contained in F∞, we have
µΓL
(
X(E/Lcyc)
)
= [L : F ]µΓF
(
X(E/F cyc)
)
,
where ΓL = Gal(L
cyc/L).
Proof. Write GL = Gal(F∞/L). Then we have
µΓL
(
X(E/Lcyc)
)
= µGL(X(E/F∞)) = [L : F ]µG(X(E/F∞)) = [L : F ]µΓ(X(E/F
cyc)).
In the case when G = Z2p, the conclusion of the preceding proposition turns out to be a sufficient
condition for Xf (E/F∞) to be finitely generated over ZpJHK (cf. [CS3, Theorem 3.8]). In view of this, a
natural question will be whether the conclusion of the preceding proposition is a sufficient condition for
Xf (E/F∞) to be a finitely generated ZpJHK-module for a general G. We do not have an answer to this
at this point of writing.
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4 Proof of Theorem 3.1
In this section, we will prove a result relating the quantities µG(X(E/F∞)) and µΓ(X(E/F
cyc)). This
relationship will allow us to establish the required criterion in Theorem 3.1. As before, p will denote an
odd prime number and E will denote an elliptic curve defined over F with either good ordinary reduction
or multiplicative reduction at every prime of F above p. We let F∞ denote a fixed admissible p-adic
Lie extension of F . Let S be a finite set of primes of F which contains the primes above p, the infinite
primes, the primes at which E has bad reduction and the primes that are ramified in F∞/F . We continue
to write G = Gal(F∞/F ), H = Gal(F∞/F
cyc) and Γ = Gal(F cyc/F ). We split the section into three
subsections, where we will study the H-cohomology of Jv(E/F∞) and S(E/F∞) in Subsection 4.1 and
Subsection 4.2 respectively. The calculations done in these two subsections will be used in Subsection 4.3
to give a relationship between the respective µ-invariants of X(E/F∞) and X(E/F
cyc). We then use this
relationship to give a proof of Theorem 3.1. Again, we like to remind the reader that our line of attack
is deeply inspired by the approach in [CSS, Section 2].
4.1 Local cohomology calculations
Before calculating the H-cohomology of the local terms, we give another description of Jv(L), where L
is an algebraic extension of F cyc. By [CG, P. 150], for each prime v of F above p, we have a short exact
sequence
0 −→ Cv −→ Ep∞ −→ Dv −→ 0
of discrete Gal(F¯v/Fv)-modules which is characterized by the fact that Cv is divisible and that Dv is
the maximal quotient of Ep∞ by a divisible subgroup such that the inertia group acts on Dv via a finite
quotient. Since our elliptic curve E has either good ordinary reduction or multiplicative reduction at
each prime of F above p, we have that Cv and Dv are divisible abelian groups of corank one. If fact,
these groups can be explicitly described when E has either good ordinary reduction or split multiplicative
reduction at v. For instance, if E has good ordinary reduction at v, we may take Dv to be E˜v,p∞ , where
E˜v is the reduction of E mod v, and take Cv to be the kernel of the natural surjection Ep∞ ։ E˜v,p∞ . If
E has split multiplicative reduction at v, we have Cv = µp∞ and Dv = Qp/Zp (cf. [Gr, P. 69-70]).
Let L be an algebraic (possibly infinite) extension of F cyc. For each non-archimedean prime w of L,
define Lw to be the union of the completions at w of the finite extensions of F contained in L. We can
now state the following lemma.
Lemma 4.1. Let L be an algebraic extension of F cyc which is unramified outside a set of finite primes
of F . Then we have an isomorphism
Jv(L) ∼=


lim
−→
L′
⊕
w|v
H1(L′w, Dv), if v divides p
lim
−→
L′
⊕
w|v
H1(L′w, Ep∞), if v does not divides p
where the direct limit is taken over all finite extensions L′ of F cyc contained in L.
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Proof. It suffices to prove the lemma in the case when L is a finite extension of F cyc. Now by definition,
we have
Jv(L) =
⊕
w|v
H1(Lw, E)(p).
By the local Kummer theory of elliptic curves, we have an exact sequence
0 −→ E(Lw)⊗ Qp/Zp
κLw−→ H1(Lw, Ep∞) −→ H
1(Lw, E)(p) −→ 0.
Now if v does not divide p, then E(Lw) ⊗ Qp/Zp = 0. The required isomorphism is then immediate in
this case. Now suppose that v divides p. Since the profinite degree of Lw over Fv is divisible by p
∞, it
follows that Gal(F¯v/Lw) has p-cohomological dimension ≤ 1 (cf. [NSW, Theorem 7.1.8(i)]). Therefore,
we obtain an exact sequence
H1(Lw, Cv)
ϕLw−→ H1(Lw, Ep∞) −→ H
1(Lw , Dv) −→ 0.
Now it follows from [CG, Proposition 4.3] and [Gr, P. 69-70] that imκLw = imϕLw . Hence we have
H1(Lw, E)(p) ∼= H
1(Lw, Dv), and this gives the required conclusion for the case when v divides p.
Lemma 4.2. Hi(H,
⊕
v∈S Jv(F∞)) is cofinitely generated over Zp for every i ≥ 1. Moreover, if H has
no p-torsion, then we have
Hi(H,
⊕
v∈S
Jv(F∞)) = 0 for i ≥ d− 1,
where d is the dimension of H.
Proof. We denote Av to be Ep∞ or Dv according as v does not or does divide p. By the Shapiro lemma,
we have
Hi
(
H,
⊕
v∈S
Jv(F∞)
)
∼=
⊕
w
Hi
(
Hw, H
1(F∞,w , Av)
)
,
where w runs through the (finite) set of primes of F cyc above S and Hw is the decomposition group in
H of some fixed prime of F∞ lying above w. It then suffices to show that H
i
(
Hw, H
1(F∞,w, Ep∞)(p)
)
is
cofinitely generated over Zp for every i ≥ 1. For any extension L of F
cyc
w , the profinite degree of L over
Fv is divisible by p
∞, and therefore, it follows that Gal(F¯v/L) has p-cohomological dimension ≤ 1 (cf.
[NSW, Theorem 7.1.8(i)]). Hence the spectral sequence
Hi
(
Hw, H
j(F∞,w, Av)
)
=⇒ Hi+j(F cycw , Av)
degenerates to yield
Hi
(
Hw, H
1(F∞,w, Av)
)
∼= Hi+2(Hw, Av(F∞,w)) for i ≥ 1.
Since Hw is a p-adic Lie group and Av(F∞,w) is cofinitely generated over Zp, the latter cohomology
group, and hence Hi
(
Hw, H
1(F∞,w , Av)
)
, is cofinitely generated over Zp. This proves the first assertion.
The second assertion is also an immediate consequence from the above isomorphism.
We need another lemma on the cokernel of the restriction map of the local cohomology groups.
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Lemma 4.3. The cokernel of the restriction map
⊕
v∈S Jv(F
cyc)
γ
−→
(⊕
v∈S Jv(F∞)
)H
is cofinitely
generated over Zp.
Proof. As before, we denote Av to be Ep∞ or Dv according as v does not or does divide p. By an
application of the Shapiro lemma and the Hochschild-Serre spectral sequence, we have
cokerγ ∼=
⊕
w
H2
(
Hw, Av(F∞,w)
)
,
where w runs through the (finite) set of primes of F cyc above S and Hw is the decomposition group in H
of some fixed prime of F∞ lying above w. Clearly, each H
2
(
Hw, Av(F∞,w)
)
is cofinitely generated over
Zp and since the sum is a finite one, the lemma follows.
4.2 Global cohomology calculations
In this subsection, we will study the H-cohomology of the Selmer group. We first record a lemma on the
H-cohomology of H1(GS(F∞), Ep∞).
Lemma 4.4. IfH2(GS(F∞), Ep∞) = H
2(GS(F
cyc), Ep∞) = 0, then H
i
(
H,H1(GS(F∞), Ep∞)
)
is cofinitely
generated over Zp for every i ≥ 1. Moreover, if H has no p-torsion, then we have
Hi
(
H,H1(GS(F∞), Ep∞)
)
= 0 for i ≥ d− 1,
where d is the dimension of H.
Proof. Under the given assumptions of the lemma, the spectral sequence
Hi
(
H,Hj(GS(F∞), Ep∞)
)
=⇒ Hi+j(GS(F
cyc), Ep∞)
degenerates to yield
Hi
(
H,H1(F∞, Ep∞)
)
∼= Hi+2(H,Ep∞(F∞)) for i ≥ 1,
and the latter group is easily seen to be cofinitely generated over Zp. The second assertion is also
immediate.
Proposition 4.5. Assume that hypotheses (i), (ii), (iv) and (v) of Theorem 3.1 hold. Then Hi
(
H,S(E/F∞)
)
is cofinitely generated over Zp for every i ≥ 1. Moreover, if hypothesis (iii) of Theorem 3.1 holds, we
then have
Hi(H,S(E/F∞)) = 0 for i ≥ dimH.
Proof. Consider the following commutative diagram
0 // S(E/F cyc)

// H1(GS(F
cyc), Ep∞)

//
⊕
v∈S Jv(F
cyc)
γ

// 0
0 // S(E/F∞)
H // H1(GS(F∞), Ep∞)
H //
⊕
v∈S Jv(F∞)
H // H1
(
H,S(E/F∞)
)
// · · ·
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with exact rows, where the vertical maps are given by restriction. Note that the top and bottom rows
are exact by Proposition 3.3. To simplify notation, we write W∞ = H
1(GS(F∞), Ep∞) and J∞ =⊕
v∈S Jv(F∞). By a diagram chasing argument, we have a long exact sequence
cokerγ −→ H1
(
H,S(E/F∞)
)
−→ H1(H,W∞) −→ H
1(H, J∞) −→ · · ·
· · · −→ Hi−1(H, J∞) −→ H
i
(
H,S(E/F∞)
)
−→ Hi(H,W∞) −→ H
i(H, J∞) −→ · · ·
It then follows from Lemmas 4.2, 4.3 and 4.4, and the above long exact sequence that Hi(H,S(E/F∞)) is
cofinitely generated over Zp for every i ≥ 1. The second assertion follows from Lemmas 4.2 and 4.4.
We record an immediate corollary.
Corollary 4.6. Suppose that all the hypotheses in Theorem 3.1 hold. Denoting d to be the dimension of
H, we have
Hi
(
H,X(E/F∞)(p)
)
= 0 for i ≥ d, and
Hi
(
H,Xf (E/F∞)
)
= 0 for i ≥ d.
Proof. The vanishing is clear for i ≥ d + 1. Now by Proposition 4.5, we have Hd
(
H,X(E/F∞)
)
= 0.
Since Hd(H,−) is left exact, and both X(E/F∞)(p) and Xf(E/F∞) (= p
rX(E/F∞) for some integer
r ≥ 0) are submodules of X(E/F∞), we have the vanishing for i = d too.
4.3 Relation between µG(X(E/F∞)) and µΓ(X(E/F
cyc))
We can now give the required relation (compare with [CSS, Proposition 2.13]).
Proposition 4.7. Let p be an odd prime. Assume that (i) E has either good ordinary reduction or
multiplicative reduction at every prime of F above p, (ii) X(E/F cyc) is ZpJΓK-torsion, (iii) G has no p-
torsion, (iv) H2(GS(F∞), Ep∞) = 0 and (v) λS(F∞) is surjective. Then we have that Hi(H,Xf (E/F∞))
is a finitely generated ZpJΓK-torsion module for all i ≥ 0 and
µG(X(E/F∞)) = µΓ(X(E/F
cyc)) +
d−1∑
i=0
(−1)i+1µΓ
(
Hi(H,Xf (E/F∞))
)
,
where d is the dimension of H.
Proof. By Lemma 2.2, we have
µG(X(E/F∞)) =
∑
i≥0
(−1)iµΓ
(
Hi(H,X(E/F∞)(p))
)
.
Write X = X(E/F∞) and Xf = Xf(E/F∞). Taking H-homology of the following short exact sequence
0 −→ X(p) −→ X −→ Xf −→ 0,
we obtain a long exact sequence
· · · −→ Hi+1(H,X) −→ Hi+1(H,Xf ) −→ Hi(H,X(p)) −→ Hi(H,X) −→ · · ·
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· · · −→ H1(H,X) −→ H1(H,Xf ) −→ H0(H,X(p)) −→ H0(H,X) −→ H0(H,Xf ) −→ 0.
Clearly, Hi(H,X(p)) is a finitely generated ZpJΓK-torsion module. Combining this with Proposition
4.5 and the above long exact sequence, we have that Hi(H,Xf ) is a finitely generated ZpJΓK-torsion
module for i ≥ 1. By a standard argument (for instance, see [CS3, Lemma 2.4]), the natural map
H0(H,X(E/F∞)) −→ X(E/F
cyc) has kernel and cokernel which are finitely generated over Zp. There-
fore, this implies that H0(H,X(E/F∞)) is a ZpJΓK-torsion module and
µΓ
(
H0(H,X(E/F∞))
)
= µΓ
(
X(E/F cyc)
)
.
Applying Lemma 2.1(b), (c) and (d) to the long exact sequence, we obtain
µΓ
(
Hi(H,X(p))
)
= µΓ
(
Hi+1(H,Xf )
)
for i ≥ 1, and
µΓ
(
H0(H,X(p))
)
= µΓ
(
H0(H,X)
)
+ µΓ
(
H0(H,Xf )
)
− µΓ
(
H1(H,Xf )
)
.
Combining these with Corollary 4.6, we obtain the required equality.
We can now prove Theorem 3.1.
Proof of Theorem 3.1. To see that the “if” direction holds, one observes that it follows from Lemma
2.1(b) and the equality in Proposition 4.7 that µΓ
(
H0(H,Xf (E/F∞))
)
= 0. Since H0(H,Xf (E/F∞))
is a finitely generated ZpJΓK-module, this in turns implies that H0(H,Xf (E/F∞)) is finitely generated
over Zp. Since G, and hence H , is pro-p, we may apply Nakayama Lemma to conclude that Xf (E/F∞)
is finitely generated over ZpJHK. To see that the “only if” direction holds, we see that if Xf (E/F∞) is
finitely generated over ZpJHK, then Hi(H,Xf (E/F∞)) is finitely generated over Zp for all i ≥ 0. By
Lemma 2.1(b), these modules have trivial µΓ-invariant. Putting these into the equality in Proposition
4.7, we obtain µG(X(E/F∞)) = µΓ(X(E/F
cyc)).
We mention that one can also prove an analogue of Proposition 4.7 replacing F cyc by an intermediate
admissible subextension F ′∞ of F∞. We will only state the following special form of such a statement
whose omitted proof is similar to those in this section.
Proposition 4.8. Let p be an odd prime. Let F∞ and F
′
∞ be two admissible p-adic extensions of F
with F ′∞ ⊆ F∞ and N := Gal(F∞/F
′
∞)
∼= Zp. Assume that (i) E has either good ordinary reduction
or multiplicative reduction at every prime of F above p, (ii) X(E/F cyc) is ZpJΓK-torsion, (iii) G and
G/N have no p-torsion, (iv) H2(GS(F
′
∞), Ep∞) = 0 and (v) λS(F
′
∞) is surjective. Then we have that
H2(GS(F∞), Ep∞) = 0 and λS(F∞) is surjective. Furthermore, we have
µG(X(E/F∞)) = µG/N (X(E/F
′
∞))− µG/N (Xf (E/F∞)N ).
5 Akashi Series of Selmer Groups
Firstly, we record the following proposition.
Proposition 5.1. Assume that (i) E has either good ordinary reduction or multiplicative reduction at ev-
ery prime of F above p, (ii) X(E/F cyc) is ZpJΓK-torsion, (iii) G has no p-torsion, (iv) H
2(GS(F∞), Ep∞) =
0 and (v) λS(F∞) is surjective. Then the following statements hold.
(a) H0(H,X(E/F∞)) is ZpJΓK-torsion and its µΓ-invariant is precisely the quantity µΓ
(
X(E/F cyc)
)
.
(b) Hi(H,X(E/F∞)) is finitely generated over Zp for every i ≥ 1.
(c) Hi(H,X(E/F∞)) = 0 for i ≥ dimH.
Proof. (a) is shown in the proof of Proposition 4.7. (b) and (c) are restatements of Proposition 4.5.
Remark 5.2. By the preceding proposition, we see that the Selmer groups satisfy much stronger prop-
erties than a general module M in MH(G) as in [CFKSV, Lemma 3.1]. Even so we are still not able to
show that X(E/F∞) lies in MH(G) in general.
Now, assuming that all the hypotheses in Proposition 5.1 are valid, we set fi to be the characteristic
power series of the module Hi(H,X(E/F∞)). Then the Akashi series of X(E/F∞) is given by
d−1∏
i=0
f
(−1)i
i ,
where d is the dimension of H . Note that it follows from Proposition 5.1(b) that p does not divide fi for
every i ≥ 1.
Combining results of Kato and Hachimori-Ochiai, we can find examples where one can construct
Akashi series of Selmer groups unconditionally as follows: Assume for now that our elliptic curve E
is defined over Q and has good ordinary reduction at p. For a given finite abelian extension F of Q,
Kato’s result [K, Theorem 12.4] tells us that X(E/F cyc) is a torsion ZpJΓK-module. If F∞ is a solvable
admissible p-adic extension of F , it then follows from [HO, Theorem 2.3] that X(E/F∞) is a torsion
ZpJGK-module. If our elliptic curve satisfies one of the conditions in Proposition 3.3 (for instance, E has
no complex multiplication or no additive reduction), then hypotheses (iv) and (v) of Proposition 5.1 are
satisfied. Therefore, we can define Akashi series for X(E/F∞) via the above discussion.
We now mention how one can prove the results [Z2, (1.1), Theorem 1.3 and Theorem 6.2] by replacing
the condition “X(E/F∞) ∈ MH(G)” with the (weaker) three conditions: X(E/F
cyc) is ZpJΓK-torsion,
H2(GS(F∞), Ep∞) = 0 and λS(F∞) is surjective. Going through the arguments in [Z2], one sees that the
condition “X(E/F∞) ∈MH(G)” is used in the following ways.
(1) To define the Akashi series for X(E/F∞).
(2) To deduce that X(E/F cyc) is ZpJΓK-torsion which is required in [Z2, Proposition 5.1, Proposition
5.5].
(3) To yield H2(GS(F
cyc), Ep∞) = 0 which is required in [Z2, Lemma 5.2].
(4) To yield H2(GS(F∞), Ep∞) = 0 which is required in [Z2, Lemma 5.2].
(5) To deduce that λS(F∞) is surjective which is required in [Z2, Formula (5.3), Lemma 5.7].
As seen above, the replaced conditions suffice for us to define the Akashi series for X(E/F∞), and
the necessary deductions in (2)-(5) required for the argument in [Z2] are consequences of the replaced
conditions by Propositions 3.2 and 3.3.
We will now establish the following criterion result for the vanishing of the Selmer group of an elliptic
curve with good ordinary reduction at all primes above p. Recall that a finitely generated ZpJGK-module
M is said to be pseudo-null if Exti
ZpJGK(M,ZpJGK) = 0 for i = 0, 1.
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Theorem 5.3. Assume that (i) E has good ordinary reduction at every prime of F above p, (ii)
X(E/F cyc) is ZpJΓK-torsion, (iii) G is pro-p with no p-torsion, (iv) H
2(GS(F∞), Ep∞) = 0 and (v)
λS(F∞) is surjective. Furthermore, suppose that at least one of the following statements holds.
(1) X(E/F∞) has no nonzero pseudo-null ZpJGK-submodule.
(2) The number field F is not totally real.
Then X(E/F∞) = 0 if and only if its Akashi series is a unit in ZpJΓK. In particular, if X(E/F∞) 6= 0,
then its Akashi series is not in ZpJΓK
×.
We mention that condition (1) is satisfied in many cases (see [HO, Theorem 3.2], [HV, Theorem 2.6],
[KT, Theorem 6.5] and [OcV1, Theorem 5.1]). The above theorem under condition (1) is probably known
(for instance, see [DD, Proposition A.9] or [HV, Proposition 4.12] for the case of a false Tate extension),
but nevertheless, we have included it for completeness and also because the author could not find a
reference for it in the general case.
The proof of Theorem 5.3 will follow from a series of lemmas. Before stating and proving these
lemmas, we introduce certain preliminary notation. Let G be a compact pro-p p-adic group without p-
torsion, and let H be a closed normal subgroup of G with Γ = G/H ∼= Zp. For a given finitely generated
ZpJGK-module M , we denote Ak(M) to be the Akashi series of M which is given by the alternating
product of the characteristic polynomials of its H-homology groups. Of course, the Akashi series is only
well-defined (up to a unit in ZpJΓK) if all the H-homology groups of M are ZpJΓK-torsion. We can now
state the following.
Proposition 5.4. Let G be a compact pro-p p-adic group without p-torsion, and let H be a closed normal
subgroup of G with G/H ∼= Zp. Let M be a finitely generated ZpJGK-module which satisfies the following
properties:
(i) Hi(H,M) is a finitely generated ZpJΓK-torsion module for every even i.
(ii) Hi(H,M) is finitely generated over Zp for every odd i.
(iii) Ak(M) lies in ZpJΓK
×.
Then M is a finitely generated torsion ZpJHK-module. In particular, M is a finitely generated pseudo-null
ZpJGK-module.
We record the following corollary which will establish Theorem 5.3 under condition (1).
Corollary 5.5. Retain the notation and assumptions of the preceding lemma. Suppose further that M
has no nonzero pseudo-null ZpJGK-submodule. Then Ak(M) is a unit in ZpJΓK if and only if M = 0.
Proof. One direction of the corollary is obvious. Conversely, suppose that Ak(M) is a unit in ZpJΓK.
Then Proposition 5.4 tells us that M is a finitely generated pseudo-null ZpJGK-module. Since M has no
nonzero pseudo-null ZpJGK-submodule, we must have M = 0.
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Remark 5.6. Corollary 5.5 is a refinement of an observation made in [CFKSV, P. 182]. In the case when
G is abelian, the converse of Proposition 5.4 does hold (cf. [CSS, Lemma 4.4]). When G is not abelian,
the converse is false in general (see [CSS, Examples 3 and 4]), although it is known to hold in certain
special cases (see [CSS, Lemma 4.5] and [Z2, Proposition 2.3]). For another variant of Proposition 5.4,
we refer reader to Proposition 5.9 below.
From now on, we will identify ZpJΓK ∼= ZpJT K under a choice of a generator of Γ. A polynomial
T n + cn−1T
n−1 + · · · + c0 in Zp[T ] is said to be a Weierstrass polynomial if p divides ci for every
0 ≤ i ≤ n− 1. We record the following lemma.
Lemma 5.7. Let f and g be two Weierstrass polynomials, and let a and b be two non-negative integers.
Then paf and pbg generate the same ideal in ZpJT K if and only if a = b and (f) = (g). Furthermore, we
have deg f = deg g.
Proof. Since paf and pbg generate the same ideal in ZpJT K, we have a pseudo-isomorphism
ZpJT K/(p
a)⊕ZpJT K/(f) ∼ ZpJT K/(p
b)⊕ZpJT K/(g).
This in turns implies that a = b and (f) = (g). Then we have
deg f = rankZp ZpJT K/(f) = rankZp ZpJT K/(g) = deg g,
thus proving the lemma.
We can now give the proof of Lemma 5.4.
Proof of Lemma 5.4. For each i, choose a Weierstrass polynomial fi such that p
aifi is a characteristic
element of Hi(H,M), where ai is the µΓ-invariant of Hi(H,M). Write
a =
∑
i even
ai, f =
∏
i even
fi and g =
∏
i odd
fi.
Then we have Ak(M) = paf/g. Now suppose that Ak(M) is a unit. It then follows from Lemma 5.7 that
a = 0 and deg f = deg g. In particular, we have a0 = 0 which in turn implies that H0(H,M) is a finitely
generated Zp-module. Since G (and hence H) is pro-p, we may apply Nakayama Lemma to conclude
that M is finitely generated over ZpJHK. Therefore, it follows that Hi(H,M) is finitely generated over
Zp and that deg fi = rankZp Hi(H,M). Then we have
rankZpJHK M =
∑
i≥0
(−1)i rankZp Hi(H,M) =
∑
i≥0
(−1)i deg fi = deg f − deg g = 0,
where the first equality follows from Howson’s formula (cf. [Ho, Theorem 1.1]). Therefore, we have
established the first assertion of Proposition 5.4. The second assertion follows from the first by a well-
known result of Venjakob (see [V2, Example 2.3 and Proposition 5.4]).
It remains to show the validity of Theorem 5.3 under condition (2), and this will follow from combining
Lemma 5.4 with the following lemma. We note that this lemma does not assume any additional condition
on the structure of X(E/F∞) (i.e., torsioness or MH(G)) other than being nonzero.
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Lemma 5.8. Assume that E has good ordinary reduction at every prime of F above p, and assume that
F is not totally real. If X(E/F∞) 6= 0, then X(E/F∞) is not a finitely generated torsion ZpJHK-module.
Proof. If X(E/F∞) is not finitely generated over ZpJHK, then we are done. Therefore, we may assume
that X(E/F∞) is finitely generated overZpJHK. In particular, this implies that X(E/L
cyc) is finitely gen-
erated over Zp for every finite extension L of F contained in F∞. Note that X(E/F∞) = lim←−
L
X(E/Lcyc),
where L runs through all finite extensions of F contained in F∞. Since X(E/F∞) 6= 0, it follows that
X(E/Lcyc) 6= 0 for some L. Since F is not totally real, so is L. Therefore, we may apply [Mat, Propo-
sition 7.5] to conclude that X(E/Lcyc) has positive Zp-rank. By an application of Hachimori’s formula
(see [HSh, Theorem 5.4] or Proposition 7.1), this in turn implies that X(E/F∞) has positive ZpJHK-rank.
Hence we have established the lemma.
The conclusion of Theorem 5.3 follows immediately from Proposition 5.4, Corollary 5.5 and Lemma
5.8. We now proceed to establish an analogous statement of Theorem 5.3 for the Artin twists of the
Selmer group under the assumption that the Selmer group satisfies the MH(G)-conjecture. By abuse of
notation, we will denote MH(G) to be the category of all finitely generated ZpJGK-modules M such that
M/M(p) is finitely generated over ZpJHK. As a start, we record the following analog of Proposition 5.4.
Proposition 5.9. Let G be a compact pro-p p-adic group without p-torsion, and let H be a closed normal
subgroup of G with G/H ∼= Zp. Let M be a finitely generated ZpJGK-module which lies in MH(G). If
Ak(M) ∈ ZpJΓK
×, then M is a finitely generated pseudo-null ZpJGK-module.
Furthermore, if one assumes that M has no nontrivial pseudo-null ZpJGK-submodule, then we have
Ak(M) ∈ ZpJΓK
× if and only if M = 0.
Proof. It suffices to show the first assertion. Write Mf = M/M(p). Then Ak(M) = Ak(M(p))Ak(Mf ).
Note that Ak(M(p)) = pµG(M) by [Ho, Corollary 1.7]. Since Mf is finitely generated over ZpJHK by
assumption, it follows that Ak(Mf ) = g/h for some Weierstrass polynomials g and h. Hence we have
Ak(M) = pµG(M)g/h. Since Ak(M) ∈ ZpJΓK
×, it follows from Lemma 5.7 that µG(M(p)) = µG(M) = 0
and Ak(Mf ) = g/h ∈ ZpJΓK
×. By [V1, Remark 3.33], the equality µG(M(p)) = 0 in turn implies
that M(p) is a pseudo-null ZpJGK-module. On the other hand, since Ak(Mf ) ∈ ZpJΓK
× and Mf is a
finitely generated ZpJHK-module, we may apply Proposition 5.4 to conclude that Mf is a pseudo-null
ZpJGK-module. Hence M is a pseudo-null ZpJGK-module, since it is an extension of the pseudo-null
ZpJGK-modules M(p) and Mf .
Suppose that we are given an Artin representation ρ : G −→ GLdρ(Oρ), where O = Oρ is the ring of
integers of some finite extension of Qp. Denote Wρ to be a free O-module of rank dρ realizing ρ. If M is
a ZpJGK-module, we define twρ(M) to be the Oρ-module Wρ ⊗Zp M with G acting diagonally.
For an admissible p-adic extension F∞ with G = Gal(F∞/F ), we denote the twisted Selmer group by
S(twρ(E)/F∞) which is obtained by taking A = Ep∞ ⊗Zp Wρ and Av = Cv ⊗Zp Wρ in the definition of
the Greenberg Selmer group in Section 7 (see also [CFKS, P. 47-48]). We denote X(twρ(E)/F∞) to be
the Pontryagin dual of S(twρ(E)/F∞). By [CFKS, Lemma 3.4], we have
twρˆX(E/F∞) = X(twρ(E)/F∞),
where ρˆ is the contragredient of ρ.
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Lemma 5.10. Suppose that E has good ordinary reduction at every prime of F above p and suppose
that F is not totally real. If X(E/F∞) 6= 0, then X(twρ(E)/F∞) is not a finitely generated torsion
OJHK-module.
Proof. We will prove the lemma by contradiction. Suppose that X(twρ(E)/F∞) is a finitely generated
torsion OJHK-module. Let L be a finite extension of F contained in F∞ such that Gal(F∞/L) is contained
in ker ρ. Write HL = Gal(F∞/L
cyc). Since HL is a subgroup of H with finite index and O is a finite free
Zp-algebra, we have that OJHK is a finite free ZpJHLK-algebra and
OJHK ⊗ZpJHLK HomZpJHLK(X(twρ(E)/F∞),ZpJHLK)
∼= HomOJHK(OJHK ⊗ZpJHLK X(twρ(E)/F∞),OJHK)
∼= HomOJHK(X(twρ(E)/F∞),OJHK)
[H:HL ][O:Zp]
= 0.
This in turn implies that HomZpJHLK(X(twρ(E)/F∞),ZpJHLK) = 0. On the other hand, we have
0 = HomZpJHLK(X(twρ(E)/F∞),ZpJHLK)
= HomZpJHLK(X(E/F∞)⊗Zp Wρˆ,ZpJHLK)
∼= HomZp
(
Wρˆ,HomZpJHLK(X(E/F∞),ZpJHLK)
)
.
(The last isomorphism is the adjointness isomorphism which makes sense here, since HL acts trivially on
Wρˆ by our choice of L.) Since Wρˆ is a free Zp-module, it follows from the above that
HomZpJHLK(X(E/F∞),ZpJHLK) = 0.
This in turns implies that X(E/F∞) is a torsion ZpJHLK-module, contradicting Lemma 5.8. Thus, we
have proven our lemma.
We can now prove the analogue of Theorem 5.3 for the Artin twists of the Selmer group. This result
may also be viewed as a generalization of [DD, Corollary A.14].
Theorem 5.11. Assume that (i) E has good ordinary reduction at every prime of F above p, (ii) the
number field F is not totally real, (iii) G is pro-p and has no p-torsion and (iv) Xf(E/F∞) is finitely
generated over ZpJHK. Then the following statements are equivalent.
(a) X(E/F∞) = 0.
(b) Ak(X(twρ(E)/F∞)) is a unit in OρJΓK for some Artin representation ρ of G.
(c) Ak(X(twρ(E)/F∞)) is a unit in OρJΓK for every Artin representation ρ of G.
Proof. Clearly, one has the implications (a)⇒(c)⇒(b). Now suppose that (b) holds. For convenience, we
will write O = Oρ. Since Xf (E/F∞) is finitely generated over ZpJHK, it follows from [CFKSV, Lemma
3.2] that Xf (twρ(E)/F∞) is a finitely generated OJHK-module. Therefore, we may apply an O-analogue
of Theorem 3.1 to conclude that
µG
(
X(twρ(E)/F∞)
)
= µΓ
(
X(twρ(E)/F
cyc)
)
.
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We then apply an O-analogue of Proposition 5.9 to conclude that that X(twρ(E)/F∞) is a finitely gener-
ated pseudo-null OJGK-module. In particularly, it follows from the proof of Proposition 5.9 that one has
µG
(
X(twρ(E)/F∞)
)
= 0. Combining this with the above, we obtain µΓ
(
X(twρ(E)/F
cyc)
)
= 0. By the
structure theory of finitely generated OJΓK-modules, this in turn implies that X(twρ(E)/F
cyc) is finitely
generated overO. It then follows from an application of Nakayama Lemma thatX(twρ(E)/F∞) is finitely
generated over OJHK. Since X(twρ(E)/F∞) is also a pseudo-null OJGK-module, we can apply a well-
known result of Venjakob (see [V2, Example 2.3 and Proposition 5.4]) to conclude that X(twρ(E)/F∞) is
a finitely generated torsion OJHK-module. By Lemma 5.10, this in turn implies that X(E/F∞) = 0.
We end the section considering an analogue of Proposition 5.1 for the Galois group of the maximal
abelian extension of F∞ unramified outside S. The statement may have been known among the experts
but does not seem to be written down anywhere.
Proposition 5.12. Assume that F∞ is an admissible extension of F such that G = Gal(F∞/F ) has
no p-torsion. Let S be a finite set of primes of F containing those above p, the infinite primes and the
primes that ramify in F∞/F . Write XS(F∞) = GS(F∞)
ab(p). Then the following statements hold.
(a) H0(H,XS(F∞)) has ZpJΓK-rank r2(F ) and its µΓ-invariant is precisely the quantity µΓ
(
XS(F
cyc)
)
.
(b) Hi(H,XS(F∞)) is finitely generated over Zp for i ≥ 1.
(c) Hi(H,XS(F∞)) = 0 for i ≥ dimG− 1.
Proof. It is a fundamental knowledge that H2(GS(F
cyc),Qp/Zp) = 0 and H
2(GS(F∞),Qp/Zp) = 0.
Therefore, the spectral sequence
Hi
(
H,Hj(GS(F∞),Qp/Zp)
)
=⇒ Hi+j(GS(F
cyc),Qp/Zp)
degenerates to give an exact sequence
0 −→ H1(H,Qp/Zp) −→ H
1(GS(F
cyc),Qp/Zp) −→ H
1(GS(F∞),Qp/Zp)
H −→ H2(H,Qp/Zp)
and an isomorphism
Hi
(
H,H1(GS(F∞),Qp/Zp)
)
∼= Hi+2(H,Qp/Zp) for each i ≥ 1.
All the statements in the proposition now follow immediately from the facts that Hi(H,Qp/Zp) is
cofinitely generated over Zp and that H
1(GS(F∞),Qp/Zp)
∨ ∼= XS(F∞).
6 On the integrality of the Akashi series
In this section, we discuss certain integrality properties of the Akashi series of Selmer groups. We will
also establish [CFKSV, Conjecture 4.8 (Case 4)] for the characteristic elements attached to certain classes
of modules in MH(G).
As before, we say that F∞ is an admissible p-adic Lie extension of F if (i) Gal(F∞/F ) is a compact
p-adic Lie group, (ii) F∞ contains the cyclotomic Zp-extension F
cyc of F and (iii) F∞ is unramified
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outside a finite set of primes of F . We continue to write G = Gal(F∞/F ), H = Gal(F∞/F
cyc) and
Γ = Gal(F cyc/F ).
Let ρ : G −→ GLdρ(Oρ) be an Artin representation, where O = Oρ is the ring of integers of some
finite extension of Qp. As in the previous section, the twisted Selmer group S(twρ(E)/F∞) is defined
by taking A = Ep∞ ⊗Zp Wρ and Av = Cv ⊗Zp Wρ in the definition of the Greenberg Selmer group in
Section 7 (see also [CFKS, P. 47-48]). We denote by λρ(F∞) the localization map and by X(twρ(E)/F∞)
the Pontryagin dual of S(twρ(E)/F∞). We can now state the following proposition which slightly refines
[CFKSV, Lemma 3.9] for X(E/F∞).
Proposition 6.1. Assume that (i) E has good ordinary reduction at every prime of F above p, (ii)
G = Gal(F∞/F ) is pro-p and has no p-torsion, (iii) Xf (E/F∞) is finitely generated over ZpJHK and
(iv) Hi(H
′, X(E/F∞)) is finite for every open normal subgroup H
′ of H and i ≥ 1.
Then Ak(twρˆ(X(E/F∞))) ∈ OJΓK/OJΓK
× for every Artin representation ρ of G.
Proof. Since Xf (E/F∞) is finitely generated over ZpJHK, it follows from [CFKSV, Lemma 3.2] and
[CFKS, Lemma 3.4] thatXf (twρ(E)/F∞) is a finitely generatedOJHK-module. By an application of [CS3,
Proposition 2.5], this in turn implies that X(twρ(E)/L
cyc) is a finitely generated torsion OJGal(Lcyc/L)K-
module for every finite extension L of F contained in F∞.
We claim that (E[p∞]⊗ZpWρ)(L
cyc) is finite. Suppose for now that this claim holds. Then by a similar
argument to that of Corollary 3.4, we have that H2(GS(L
cyc), E[p∞] ⊗Zp Wρˆ) = 0 and the localization
map λρ(L
cyc) is surjective for all L (and in particular for F ), and that H2(GS(F∞), E[p
∞]⊗Zp Wρ) = 0
and the localization map λρ(F∞) is surjective. Therefore, by an entirely parallel argument to that of
Proposition 5.1, we conclude that Hi(H, twρˆ(X(E/F∞))) is finitely generated over O for every i ≥ 1. On
the other hand, by virtue of the assumptions (iii) and (iv), it follows from the proof of [CFKSV, Lemma
3.9] that, for every i ≥ 1, Hi(H, twρˆ(X(E/F∞))) is annihilated by some power of p. Hence we conclude
that Hi(H, twρˆ(X(E/F∞))) is finite for every i ≥ 1. Therefore, the Akashi series of twρˆ(X(E/F∞))
is precisely the ZpJΓK-characteristic power series of H0(H, twρˆ(X(E/F∞))), and so, necessarily lies in
OJΓK/OJΓK×.
It remains to verify our claim. Since ρ is an Artin representation, we may find some finite extension
L0 of L contained in F∞ such that ρ factors though Gal(L0/L). Then we have
(Ep∞ ⊗Zp Wρ)(L
cyc
0 ) = Ep∞(L
cyc
0 )
[O:Zp],
where the latter is finite by [W, Theorem 4.3]. Thus, it follows that (Ep∞⊗ZpWρ)(L
cyc) is also finite.
To prove the next set of results, we need to introduce some further notion and notation. Let
Σ = { s ∈ ZpJGK | ZpJGK/ZpJGKs is a finitely generated ZpJHK-module}.
By [CFKSV, Theorem 2.4], Σ is a left and right Ore set consisting of non-zero divisors in ZpJGK. Set
Σ∗ = ∪n≥0p
nΣ. It follows from [CFKSV, Proposition 2.3] that a finitely generated ZpJGK-module M
is annihilated by Σ∗ if and only if M/M(p) is finitely generated over ZpJHK. Therefore, the category
MH(G) can also be thought as the category of all finitely generated ZpJGK-modules which are Σ
∗-torsion.
By the discussion in [CFKSV, Section 3], we have the following exact sequence
K1(ZpJGK) −→ K1(ZpJGKΣ∗ )
∂G−→ K0(MH(G)) −→ 0
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of K-groups. For each M in MH(G), we define a characteristic element for M to be any element ξM in
K1(ZpJGKΣ∗) with the property that
∂G(ξM ) = [M ].
Let ρ : G −→ GLdρ(Oρ) denote a continuous group representation (not necessarily an Artin represen-
tation), where O = Oρ is the ring of integers of some finite extension of Qp. For g ∈ G, we write g¯ for its
image in Γ = G/H . We define a continuous group homomorphism
G −→Md(O)⊗Zp ZpJΓK, g 7→ ρ(g)⊗ g¯.
By [CFKSV, Lemma 3.3], this in turn induces a map
Φ′ρ : K1(ZpJGKΣ∗) −→ QO(Γ),
where QO(Γ) is the field of fraction of OJΓK. Let ϕ : OJΓK −→ O be the augmentation map and denote
its kernel by p. One can extend ϕ to a map ϕ : OJΓKp −→ K, where K is the field of fraction of O.
Let ξ be an arbitrary element in K1(ZpJGKΣ∗). If Φ
′
ρ(ξ) ∈ OJΓKp, we define ξ(ρ) to be ϕ(Φ
′
ρ(ξ)). If
Φ′ρ(ξ) /∈ OJΓKp, we set ξ(ρ) to be ∞.
We will write α for the natural map
ZpJGK
×
Σ∗ −→ K1(ZpJGKΣ∗).
We can now state our results which will prove [CFKSV, Conjecture 4.8 Case 4] for the characteristic
elements attached to certain modules.
Proposition 6.2. Let M be an object in MH(G). Assume that M has no nonzero pseudo-null ZpJGK-
submodule. Let ξM be a characteristic element of M . Then the following statements are equivalent.
(a) ξM ∈ α(ZpJGK
×), where α is the map ZpJGK
×
Σ∗ −→ K1(ZpJGKΣ∗).
(b) ξM (ρ) is finite and lies in Oρ for every continuous group representation ρ of G.
(c) Φ′ρ(ξM ) ∈ OρJΓK
× for every continuous group representation ρ of G.
(d) Φ′ρ(ξM ) ∈ OρJΓK
× for every Artin representation ρ of G.
Proof. By [CFKSV, Lemma 4.9], we have the implications (a)⇒(b)⇔(c)⇒(d). It remains to show
(d)⇒(a). Taking ρ : G −→ Z×p to be the trivial representation, one has
Φρ(ξM ) = Ak(M) modZpJΓK
×
for this particular ρ by [CFKSV, Lemma 3.7]. Applying (d), we have that Ak(M) ∈ ZpJΓK
×. By Corollary
5.5, this in turn implies that ∂G(ξM ) = 0. It then follows from the above exact sequence of K-groups
that there exists an element in K1(ZpJGK) which maps to ξM . On the other hand, it is well-known that
ZpJGK
× maps onto K1(ZpJGK), thus yielding (a).
In particular, if X(E/F∞) lies in MH(G) and has no nonzero pseudo-null ZpJGK-module, the above
proposition applies to the characteristic elements of X(E/F∞). In the case when we do not know whether
X(E/F∞) has no nonzero pseudo-null ZpJGK-module, we have the following.
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Proposition 6.3. Assume that (i) E has good ordinary reduction at every prime of F above p, (ii) the
number field F is not totally real, (iii) G is pro-p and has no p-torsion and (iv) X(E/F∞) ∈ MH(G).
Let ξE be a characteristic element of X(E/F∞). Then the following statements are equivalent.
(a) ξE ∈ α(ZpJGK
×), where α is the map ZpJGK
×
Σ∗ −→ K1(ZpJGKΣ∗).
(b) ξE(ρ) is finite and lies in Oρ for every continuous group representation ρ of G.
(c) Φ′ρ(ξE) ∈ OρJΓK
× for every continuous group representation ρ of G.
(d) Φ′ρ(ξE) ∈ OρJΓK
× for every Artin representation ρ of G.
Proof. The proof is similar to that of the preceding proposition, where one makes use of Theorem 5.11
in place of Corollary 5.5.
We end the section mentioning that under the assumptions of Proposition 6.1, one has Φ′ρ(ξE) ∈ OρJΓK
which in turn implies that assertion (d) of [CFKSV, Conjecture 4.8 Case 2] is satisfied. However, the
author is not able to prove assertions (a), (b) and (c) of [CFKSV, Conjecture 4.8 Case 2] (or even case 1
of the said conjecture) for ξE .
7 Complement: Other Ordinary Representations
As seen in the previous section, most of the argument in this article can be applied to other situations.
Indeed, this is the case, and we will briefly describe here a general context that one may apply the
argument to.
Denote O to be the ring of integers of some finite extension K of Qp. Fix a local parameter pi for
O. The material in Section 2 can be extended over for modules over OJGK. One simply replaces any
occurrences of “p” by “pi”, “Zp” by “O” and “Fp” by “O/piO”.
Let A be a cofinitely generated O-module with a continuous, O-linear Gal(F¯ /F )-action which is
unramified outside a finite set of primes of F . Assume further that A∨ has O-rank 2d, and for each v
above p, there is a O-submodule Av of A invariant under the action of Gal(F¯v/Fv) and such that (Av)
∨
has O-rank d. Write Dv = A/Av. Note that (Dv)
∨ has O-rank d.
For an algebraic (possibly infinite) extension L of F cyc, we define the Greenberg Selmer group of A
over L by
S(A/L) = ker
(
H1(L, A) −→
∏
w∤p
H1(L, A)×
∏
w|p
H1(L, Dw)
)
,
where we set Dw = Dv whenever w divides v. Now for every finite extension L of F
cyc, we define Jv(A/L)
to be ⊕
w|v
H1(Lw , A) or
⊕
w|v
H1(Lw, Dw)
according as v does not or does divide p. In the case that L is an infinite extension of F cyc, we will define
Jv(A/L) = lim−→
L
Jv(A/L
′),
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where the direct limit is taken over all finite extensions L′ of F cyc contained in L. Let S be a finite set of
primes of F which contains the primes above p, the ramified primes of A and the infinite primes. It then
follows from a standard argument (see [CS3, Corollary 3.2]) that for every extension L of F cyc contained
in FS , one has the following exact sequence
0 −→ S(A/L) −→ H1(GS(L), A)
λS(L)
−→
⊕
v∈S
Jv(A/L).
We will write X(A/L) = S(A/L)∨. Then one can prove results analogous to Theorem 3.1 and
Proposition 5.1 for X(A/L). Note that we may have to replace the condition “X(A/F cyc) is OJΓK-
torsion” by the conditions “H2(GS(F
cyc), A) = 0” and “λS(F
cyc) is surjective”. This is because we do
not have an analog statement as in Proposition 3.3(i) for a general A. The point is that we may not have
the finiteness of A(F cyc). However, for many interesting representations which we shall see below, this
does hold.
Typical examples of the above (besides the case of an elliptic curve and its Artin twist as considered
in the main body of the paper) are abelian varieties A with good ordinary reduction at all primes above
p. We note that the finiteness of A(F cyc) follows from [W, Theorem 4.3]. The nonexistence of nontrivial
pseudo-null submodules for the dual Selmer groups was established in certain cases [Oc], although they
contain less situation of the p-adic extensions than the case of an elliptic curve. Despite this, if one
assumes that the base field F is not totally real, one can still make use of the result of Matsuno [Mat,
Proposition 7.5] and Proposition 7.1 to obtain similar results to those in Theorems 5.3 and 5.11. Similarly,
one can obtain analogous results to those in Section 6.
We now state the following analogue of Hachimori’s formula [HSh, Theorem 5.4] (see also [Bh, Theorem
16], [CH, Corollary 6.10], [Ho, Theorem 2.8] and [HV, Theorem 3.1]) for a general Galois representation,
and we give a proof of this statement for completeness.
Proposition 7.1. Assume that (i) X(A/F cyc) is finitely generated over O, (ii) A(F cyc) is finite, and
(iii) F∞ is an S-admissible p-adic extension of F with G = Gal(F∞/F ) being a pro-p group with no
p-torsion. Then H2(GS(F∞), A) = 0, λS(F∞) is surjective and we have the following formula
rankOJHK X(A/F∞) = rankOX(A/F
cyc) +
∑
w
(
rankO Bw(F
cyc
v )− rankOJHwK Bw(F∞)
)
,
where w runs through the primes of F cyc above S, Hw is the decomposition group of H at some prime of
F∞ above w, and Bw denotes A or Dw according as w does not or does divide p. In particular, we have
rankOJHK X(A/F∞) ≥ rankOX(A/F
cyc).
Proof. Since X(A/F cyc) is finitely generated over O and G is pro-p with no p-torsion, it follows that
X(A/F cyc) is finitely generated over OJHK. In particular, we have that H2(GS(F∞), A) = 0 and λS(F∞)
is surjective. Then we have the following commutative diagram
0 // S(A/F cyc)
α

// H1(GS(F
cyc), A)
β

//
⊕
v∈S Jv(A/F
cyc)
γ

// 0
0 // S(A/F∞)
H // H1(GS(F∞), A)
H //
⊕
v∈S Jv(A/F∞)
H // H1
(
H,S(A/F∞)
)
// · · ·
23
with exact rows. To simplify notation, we write W∞ = H
1(GS(F∞), A) and J∞ =
⊕
v∈S Jv(A/F∞).
which in turns yield a long exact sequence
0 −→ kerα −→ kerβ −→ ker γ −→ cokerα −→ cokerβ
−→ cokerγ −→ H1
(
H,S(A/F∞)
)
−→ H1(H,W∞) −→ H
1(H, J∞) −→ · · ·
· · · −→ Hi−1(H, J∞) −→ H
i
(
H,S(A/F∞)
)
−→ Hi(H,W∞) −→ H
i(H, J∞) −→ · · ·
of cofinitely generated O-modules. By assumption (i), the following exact sequence
0 −→ kerα −→ S(A/F cyc) −→ S(A/F∞)
H −→ cokerα −→ 0
is an exact sequence of cofinitely generated O-modules. Comparing the O-ranks of the terms in both
exact sequences, we obtain
∑
i≥0
(−1)i rankOHi(H,X(A/F∞)) = rankOX(A/F
cyc) +
∑
j≥1
(−1)jHj(H,A(F∞))
+
∑
w
∑
j≥1
(−1)j+1Hj(Hw, Bw(F∞)).
The required formula then follows from an application of a formula of Howson [Ho, Theorem 1.1] on each
of the alternating sum.
Another interesting example one may consider is the Galois representation coming from a primitive
Hecke eigenform of weight k > 2 for GL2/Q, which is ordinary at p. Here the finiteness of A(F
cyc) is
established in [Su, Proof of Lemma 2.2]. Also, as in the case of an elliptic curve, by combining results of
Kato and Hachimori-Ochiai, we can find examples where one can construct Akashi series for these Selmer
groups unconditionally. The nonexistence of nontrivial pseudo-null submodules for the dual Selmer groups
is established in certain cases [Su, Theorem 3.1]. As in the case of abelian varieties, one can therefore
obtain results for the Akashi series of these Selmer groups similar to Theorem 5.3.
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